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A hypothesis of inductive drive to explain TEXTOR's sawtooth

measurements
T. K. Chu?

Plasma Physics Laboratory, Princeton University, P. 0. Box 451,

Princeton, New Jersey 08543

A hypothesis, based on the current density profile determined
from the principle of minimum dissipation of magnetic energy, is
applied to explain the measurement of g(0) and current variation

in a sawtooth cycle in TEXTOR [Plasma Physics and Controlled

Nuclear Fusion Research (IAEA, Vienna, 1985), Vol. I, p. 193]. A

sawtooth oscillation is triggered when the on-axis current density
in a configuration with m=0 and n=0 symmetry is driven

inductively to a limit.
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I. The TEXTOR measurements

Sawtooth oscillation of electron temperature determined from
soft X-ray range of emission in tokamak plasmas was first observed
by von Goeler et al. in an ohmic plasm with an on-axis safety
factor, qg(r=0)=qg,, <1 (r is the minor radius).l! 1Its three
stages, shown schematically in Fig. 1, are: heating, during which
the coré temperature of the (m=0, n=0) configuration becomes
increasingly peaked at the axis; precursor oscillation, during
which the amplitude of an off-axis m=1 temperature oscillation
increases; crash, during which the core temperature profile is
flattened (m and n are respectively the poloidal and toroidal
ﬁode number). The flattening indicates mixing of magnetic
surfaces. |

The variation of current density profile,2-4 Aj¢, in a sawtooth
cycle and the global g profile?-> were measured by Soltwisch and
co—Workers in Tokamak Experiment for Technology Oriented Research
(TEXTOR)® in a constant-current ohmic plasma. The profiles are
obtained from equilibrium calculations that use input signals
modelled after the average of the signals measured by a far-infrared
polarimeter. The input signals differ from the measured waveforms
(see Fig. 5, Ref. 3) near the crash (to ~*5% of the sawtooth
duration, ~20 ms) and near the g=1 surface (more so on the weak
field side). Thus the profiles (reproduced as Fig. 2 below) do
not include the effect of the m=1 oscillation prior to the crash

or reproduce the immediate-post crash shape. Also not included is



a sheet current at the g=1 surface (stronger at the weak-field
side) which appears to set in roughly with the precursor, builds
up to a peak amplitude at the crash and dies away a few
milliseconds after the crash (see p. 480 and Figs. 7 and 5 of Ref.
3).

Figure 2(a) shows Aj¢ within the g=1 surface in ten equidistant
times in a sawtooth cycle and Fig. 2(b), the g profile (the major
radius R, is 176 cm). The measured results are: g;=0.7410.1 at the
end of the cycle (at t.); gy=0.80+0.1 at the beginning of the cycle
(at t;); r,=11 cm (the radius of the node of the Aj¢ profile), and
r1=15 cm (the radius of the g=1 surface).

These measurements open up the possibility for a different
approach to study sawtooth oscillation. Since the heating stage
is identified with current ramping, the onset of the precursor may
be triggered by the rising core current instead of pressure.

Since the precursor oscillation is identified with a growing
poloidal magnetic field perturbation near the g=1 surface,’ it
signifies reconnection of field lines at that sﬁrface and hence
the growth of an m=1 magnetic island.® The crash then may be a
result of the island growth.

But the most striking result is the resilience of the g
profile. The authors remarked, “the surrounding plasma is hardly
affected by the sawtooth activity and acts as a tightly fitting
conducting shell.”?2 A comparison of the measured waveforms and the
input signals for equilibrium calculations show that within the

first couple milliseconds after the crash, while the temperature
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profile is still flat, the current configuration has already
returned from a presumably different post-crash shape to its pre-
precursor shape. This recovery indicates a constraint on the
current profile: on a time scale that is longer than about one
millisecond (for the TEXTOR parameters), a particular shape of the
(0, 0)-symmetry profile prevails. Similar g profiles and qj

values have been reported by 0’Rourke’ and Levinton et al.lf

II. The hypothesis

-This work proposes that sawtooth oscillation in-an ohmic
tokamak plasma is inductively driven. The hypothesis permits
calculations of g, r,, r;, the induced flux V;T;, and the shape
of the nonuniform toroidal electric field Ey(r) that drive the
current variation (Vy is inductive voltage and Ty is the duration
of current ramping). The basis for the hypothesis i1s the time-
averaged steady-state current profile of (0, 0) symmetry
determined from the principle of minimum dissipation of magnetic
energy.11-13  The vafiational problem for the principle is
formulated for an inductively driven, dissipative toroidal plasma
made turbulent by the nested rational magnetic surfaces defined by
&=g.,=m/n (m and n are, respectively, the number of poloidal and
toroidal turns a field line wraps around the axis before meeting
itself). An alternative interpretation of the prinbiple is that
the current distribution corresponds to a state of maximum

poloidal magnetic field energy (maximum internal inductance) for a



prescribed plasma current. The magnetic field energy of this
current profile is defined by q, alone (g, enters the variational
problem in its Lagrange multiplier). If g, decreases without
limit, the current becomes an on-axis filament current.

But for a g profile to posses the highest internal inductance
its on-axis curvature, g”(0), must be positive. Hastie showed
that g” (0) changes from positive to negative if g, decreases
below 0.743.14 This change is a toroidal effect,1? shown
scheﬁatically in Fig. 3. The contribution of terms with m=0
symmetry (of terms averaged over the poloidal angle) to g”(0) is
positive and independent of g, while that of those with n=0
symmetry has a -1/2qy? dependence; g” (0) becomes negative at a
sufficiently low q,. This is the q; value that marks the end of
the (0, 0), and hence the beginning of the (1, 1), symmetry.

To find the g, at the beginning of ramping it is necessary to
know the amount of magnetic energy that is lost during the
precursor stage and the crash. Since the temperature profile is
flattened during the crash, we assume that the energy loss is due
to a complete magnetic reconnection. Since this loss is a result
of configurational change, it does not depend on the speed of

8 or

reconnection. It can be resistive, as proposed by Kadomtsev,
collisionless, due to electron inertial® or collisionless electron
viscosity,1® or their combination (resistive during the precursor

stage and collisionless during the crash).

The model has limitations. The constraint in the variational



problem is constant plasma current, inductively driven. In a
plasma with a finite pressure gradient (Vp#0), diffusion drives a

non-inductive current. Thus the constraint requires

Vp=0. (1)

This condition is well known in plasma studies, but for a
different reason. When applied to static equilibrium, jxB=Vp, it
renders the plasma “force-free” (j is current density and B is
magnetic field). Closed-form solutions for equilibria possessing
certain symmetries become obtainable. But no satisfactory answer
has been found on why force-free state is the preferred for these
plasmas. Here, Vp=0 is an idealized approximation to a low-
pressure tokamak plasma. Thus the variation is applied to the
magnetic energy of a zero pressure, large aspect ratio, circular
cross section, and inductive-drive only plasma. The condition is
used again in finding the Lagrange multiplier.l4 But for the
purpose of finding inductively driven current configuration this
condition can be applied to any current-carrying plasma that has
negligible diffusion-driven current, such as high-pressure

reversed pinch plasmas.1?

IIT. Calculating gy, ViTy, Eu(r)
1. The post-crash q,. The time-averaged steady-state j¢ profile

of an inductively driven, dissipative tokamak plasma isil.l18



_? _ (2)
40 [1+(q,/qy-1) r%/a?]?
The normalized radius of its g=1 surface is ry/a=[(1-qgy)/ (g,-
o) 11/2 (r;=14.5 cm for the TEXTOR parameters). Similarly, the
profile within r;, for which g,=1, is,13
j¢ 1
= - . (3)
jm [l+(l/q54J12/rf]2
The condition dj¢/dqb:0 gives r, /ri=[qy/ (1+qy) 112 (r,=9.7 cm for
the TEXTOR parameters). Its magnetic energy is
W=W(r,)=ma*(By/Ry)? (Ingy™t -1+qp) /2 (1-qp) 2. (4)
The pre-reconnection energy (qy=0.743) 1is
Wl,pr:m4(B¢/R0)2(.0.003932). (5)

The configurational change due to reconnection has been
prescribed by Kadomtsev.8 The quantities successively calculated
from the current profile are the poloidal magnetic field, the
helical magnetic field, the helical magnetic flux, the mixing

radius r, and the magnetic energy within r,, W, The helical

Tm
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flux is then inverted (numerically) to obtain the reconnected
helical flux. From this flux the post-reconnection magnetic
energy W, ¢ is obtained. The energy loss is AW=W, W, -Wr,
where W,; is the magnetic energy associated with the negative
current sheet at r,. For the TEXTOR parameters (By=2.2 T,

Ry=1.76 m, a=0.43 m, I, =380 ka, line-averaged electron density

n.=3.5x1013 cm3),
Aw=ma® (By/Ry) 2 (-0.00132) ; (6)

it is about one third of W, ,,.. The available magnetic energy for

the post-crash, maximum-inductance configuration is
Wl,po=7ra4(B¢/Ro)2(0.002613). (7)

The g, that corresponds to this energy is qp,p.=0.791.

2. The induced flux VT, and the inductive voltage V,. The

sustaining loop voltage within r; consists of resistive and

inductive component:

Vy=I1Ry+d(LyI;) /4At, (8)

where I,=27r;?By/UyR, is the current, R, is its aggregate resistance,

and Li=lyRq (In8Ry/a+l;1/2-2) is the self-inductance in which [;; is the



internal inductance. For constant I,

VI: (,UORO/2)I1dl,1/dt. (9)
Equation (3) gives [l;;=(qgy-Ingy-1)/(1-gy)%. Its rate of change is
dqgy/dt=-Aq,/T,. The induced magnetic flux during T, is

DQTb:ﬂuz[(l—qb)/(qfﬁm)]B¢Aqbfi(qb)/2. (10)
For the TEXTOR parameters, with Agy=-0.05,

V;Ty=1.86x10"3 V-s. (11)

Use the measured Ty=17x10-3 s and obtain V=0.11] V. The apparent
induced flux is the above value multiplied by the ratio of loop

voltage, ~1 V, to inductive voltage: V;T,=1.7x1072 V-s.

3. The nonuniform toroidal electric field Ey(r). The current

variation is usually calculated by solving the current diffusion
equation together with an assumption on resistivity.?:19.20 Here,
since the current profile is known, the shape of the nonuniform
field cén be obtained by integrating the combined Faraday's and

Ampere’s equation directly:



S ) =gty — (12)

Integrate Eg. (12) by using Eg. (3) and obtain
Es(r) -Ey(0) == [Bya?/2aqyRy (Q,~qp) 1 (dqy/dt) F(r), (13)

where F(r)=[(l+b)r2/r2]1/[1+br?/r2]-ln(1+br?/r;2) /b%, in which
bE=1/qgy-1. It describes the shape of the differential electric
field. Figure 4 shows F(r) with gy=0.77 (the average value of qj
during ramping). The node is at r,/r;= 0.66; j¢ increases in time
for r<r, and decreases, for r>r,.

To obtain Ey(r), it is necessary to relate it to dissipation at
some radius. For r>ry, V}=Aj¢=0 (j¢ is steady on the time scale
of sawtooth period) so that E,(r)=V./27R,. For r<ri, J, is
steady only at the node. Since there cannot be two different Ey
values that both correspond to steady-state current density,

Ey(ry)=Vp/2nR,. Thus for r<ry,
Es(r)=[Bya?/2qoRy (q,~qg) 1 (Aqy/dt) [F(r,) -F(r) ]+Vy/27R,. (14)

The equation can be rearranged to give the ramping period,

0.059B,ma?

Vi (g,-qp) [1—E¢(O) /E¢(a)]
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where [l—E@(O)/E@(a)] is a measure of the ratio of the inductive
vdltage to the loop voltage. A more resistive plasma (due to
higher density) leads to longer ramping period.

Figure 5 shows Ey(r) of three mid-size tokamaks that have
different measured T, values: the Princeton Large Torus (PLT),?2!
with Tp~5 ms and V;=1.03 V (R;=132 cm, a=40 cm, I,=490 kA,

Bg=2.9 T, and n=1x10%* cm3);2? the Axially Symmetric Divertor
Experiment tokamak (ASDEX),?3 with T,~7 ms and v;=0.95 V (R,=168
cm, a=40 cm, I,=420 kA, B4=2.8 T, and n_=1.6x1013 cm3) ;24 and the
TEXTOR. For the PLT parameters the calculated g, ,, is 0.793 and
V; is 0.34 Vv, and for the ASDEX, they are respectively 0.792 and
0.27 V; Agy=-0.05 in all. The qualitative shape of the profile
has been reported by Alladio and Vlad.l® (In their article the
steep drop at r=r; is replaced by a gradual transition to the
region r>rj).

The Eb(O) value calculated from Eqg. (14) in V/m are ~0.051
(PLT), ~0.043 (ASDEX) and ~0.073 (TEXTOR). Table 1 is a
comparison of these values with those calculated from the measured
on-axis electron temperature, T.(0), er two on-axis values of
Zers. There is qualitative agreement if these assumed Z_.r are

close to reality.

IV. Suggested experiments

1. Constant induced flux. The hypothesis of inductive drive.
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cannot give a complete description of sawtooth oscillation because
it cannot calculate the dissipative parameter T, (or V; or

T,(0)). But V;T, being constant can be tested. When lower hybrid
wave power is added to an cohmic plasma the loop voltage decreases.
Since the current distribution (the inversion radius) does not
change when modest amount of wave power is added, constant flux
would require T, to increase by an amount that maintains the

constant.?>

2. The consequence of reconnection. The reconnection of field
‘lines at the g=1 surface builds an increasingly steep pressure
gradient at the boundary that separates the core and the magnetic
island.?® In the TEXTOR experiment, is the sheet current at the
g=1 surface driven by this gradient? Recent measurement of local
electron cyclotron emission by Park et al. shows a sharp
temperature gradient (not scaled) at the g=1 surface near the
crash.?? Simultaneous and quantitative measurement of this
pressure gradient and the sheet current may lead to a more
definitive assertion on whether this pressure gradient, or the

onset of some kind of magnetic turbulence,?0 causes the crash.
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Table 1

measured E@(O) measured
Device Ty (ms) (V/m) T.(0) (keV)(l) Zorr=1
TEXTOR ~17 0.073 ~0.9 0.077
PLT ~5 0.051 ~2.0 0.045
ASDEX ~7 0.043 ~1.8@ 0.039

(1) T.(0) varies by ~10%.

(2) Estimated (no Thomson scattering channel at r=0).

13

Comparison of E¢(O) based on Eg. (14) and measured T,(0)

Eb(O) [based on T (0)] (V/m)

Zeff:1 . 5

0.10
0.061

0.052



Appendix: On measured limiting g, being different and the

disappearance of sawtooth oscillation

The limiting gy of a (0, 0) configuration used here, 0.743, is
derived for an ohmic plasma having circular cross section, large
aspect ratio (defined by the tokamak ordering), zerc poloidal
beta, and constant plaéma current (or, rigorously, the surface
voltage does not change on the time scale of sawtooth period).
Measured g, of ohmic plasmas with circular cross section agrees
with this value to ~0.05. The agreement is perhaps somewhat
fortuitous as all measurements claim to have an error of ~0.1
(their statistical error is ~0.05). Measured g, in plasmas of
non-circular cross section and sustained primarily by energetic
neutral-beam particles or radio-frequency waves varies more
widely. For example, sawtooth oscillations have been observed in
neutral-beam (2.1 MW) heated D-shaped plasma at g;~0.9.2%8 Since
that diagnostic system had not been used to measure g, of a -
circular ohmic plasma, the effect of non-ohmic drive and non-
circular cross section cannot be ascertained. But we can examine
the assumptions made in the present analysis and the environment
of the experiment to obtain some understanding of the plasma
condition that determines its gqy.

Ellipticity of a cross section has negligible effect on the
limiting g, and triangulation tends to lower it.l% But the present
hypothesis should not be readily applied to the experiment of Ref.
28 which has substantial non-inductive beam current and diffusion

current.
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The unsteady experimental condition of Ref. 28 presents another
difficulty in knowing the plasma conditions that determine its qj.
Refer to its Fig. 2. Between shot timé 0.6 and 1.0 s, I, (top
trace) is increasing and q; (bottom trace) is decreasing, and in
the flat-top period between 1.0 to 1.2 s, I, in faét decreases at
a rate ~-55 kA/s (dg,/dt is positive) and the change of g; in a
sawtooth cycle cannot be easily discerned.

In an ohmic-based plasma injected with energetic neutral-beam
particles, after the initial rapid drop of surface voltage when
the injection begins, its g profile and toroidal electric field
profile change continuously for the duration of the injection.
Equation (12) relates the boundary condition of these two

parameters:2°

OEy/ 0r| op=- (U I,/ 2Maq,) dqg,/dt, (Al)
and
Vr2E¢lr=O == (2B¢/R0q02) dqo/dt. (A2)

The cause of the profile change is the continuous production of
the relatively cold electrons born in the core from the injected
beam particles. These cold electrons, if they are not transported
away from the core, raises the resistivity; the local resistive
electric field rises in time. This rise tends to render Eb(r) to

decrease with radius. If the decreasing trend extends to the
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edge, 0E,/dr|,., is negative and dq,/dt is positive. Also,

Ey(a), lagging behind E@(O), must rise in time; the surface
voltage increases in time (if the surface voltage is operationally
forced to remain constant, the plasma disrupts2®). This rise of
surface voltage (not shown in Ref. 28) is shown in Fig. 1 of Ref.
30, another experiment with intense beam heating. [The
differential between Eb(O) and.E%(a) results in an particle pinch
velocity and hence, “density peaking” (see Fig. 2, Ref. 31).2%9 Any
fueling method that introduces cold electrons to the core, such as
pellet injection or cold electrons driven inward by energized
antenna when launching radio frequency waves at the plasma
periphery, results in such density peaking. vTo the best of my
knowledge, density peaking has not been observed in constant-loop
voltage experiments. ]

The rise of Ey(r) at the axis due to cold electrons also tends
to reduce its local concave curvature (refer to Fig. 5). When
V,2Es| ..o becomes negative, the (1, 1) configuration sets in,
presumably at a g; higher than 0.743. Experiments show that as
density becomes more peaked at the axis, the limiting g, increases
continuously from ~0.74.2°% Sawtooth oscillation finally disappears
at g, ~0.8 as the inversion radius shrinks to zero.

The above description elicits the difficulty in knowing the
plasma condition that determines its g, in a sawtoothing plasma in
which the surface voltage is not steady. If the measured qp~0.9
of Ref. 28 is accurate for a steady-state, beam-heated plasma, we

may look for an answer in a minimization analysis that includes
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non-inductive current.

A sufficient condition for the elimination of sawtooth
oscillation is that F(r/r;), Fig. 4, is flat. One method is, as
described above, adding cold electrons to the core so that the
term [1-E@(O)/E@(a)] in Eg. (15) becomes diminishingly small. In
a completely non-inductive-drive plasma, there is no sawtooth

oscillation because the surface vcltage is zero.
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Figure captions

Fig. 1. A schematic showing the three stages of a sawtooth
oscillation in an ohmic plasma: the current ramping (temperature
rising) stage T,, the precursor stage of m=1 an n=1 oscillation
T, and the crash T... In the TEXTOR experiment, Ty~17 ms, T;~2

ms, and T.,~100 us.

Fig. 2. The TEXTOR measurements: (a) Aj¢ within the g=1 surface
during a sawtooth cycle in ten equidistant times; (b) g profile.

t; marks the beginning of a sawtooth cycle and t_,, the end.

Fig. 3. A schematic showing the trajectory (the solid line) of
the normalized on-axis curvature, g” (0)/qg(0), during current
ramping stage T, as qp decreases. The lower half (shaded region)
is disallowed as a negative @” (0) would result in a decrease of
magnetic energy. The trajebtory is the sum of the contributions
of terms with m=0 symmetry (of terms averaged over the poloidal
angle, the upper dashed line) which has no g, dependence, and
terms with n=0 symmetry (the lower dotted line) which varies as

~1/2q,2.

Fig. 4. F(r/r;), the shape of the toroidal electric field during

ramping. r, is the node at which F”(r,/r;)=0.

Fig. 5. The calculated toroidal electric field profile: curve (a),
TEXTOR; (b), PLT; and (c), ASDEX. (Their respective measured T,

are 17, 5 and 7 ms.)
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